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PREFACE 
The introductory theory of the functions of a complex 
variable has much to offer. It is greatly interrelated with 
various other branches of mathematics. There is a review of 
much of one’s former work in trigonometry, analytic geometry, 
non-Euclidean geometry, and calculus all in new and attrac¬ 
tive settings. 
One of these attractions is the use of a sphere to 
represent the extended complex plane and to serve as one of 
the projective planes for many of the conformal mappings of 
complex variable theory. As one starts to investigate the 
sphere, he immediately realizes that this is really Riemann’s 
sphere found in non-Euclidean geometry where 
1. A line is unbounded 
2. There are no parallel lines 
3. The sum of the angles of a triangle is always 
more than 1$0° 
4. All perpendicular lines to a line meet in one 
point. 
i 
In order to study the Riemann sphere in complex vari¬ 
ables an appropriate relationship must be established between 
the sphere and the complex plane. This is done by establish¬ 
ing a one-to-one correspondence between the points of the sphere 
and those of the plane. The method used for this purpose is 
ii 
called stereographic projection. 
Since one cannot discuss the Riemann sphere easily 
without using stereographic projection, it is only fitting 
that this discussion of the Riemann sphere shall be called 
"The Riemann Sphere and Stereographic Projection." The main 
purpose of this paper is to study the properties and appli¬ 
cations of the Riemann sphere as it is usually used in the 
introduction of the theory of functions of a complex variable 
using stereographic projection. 
It is the author's pleasant duty to thank those who 
helped in this undertaking. Special thanks are due Mr. W. 
A. Johnson for his critical suggestions and for his tireless 
proof-reading. Thanks are due also to Mr. Nathaniel Pollard 
for his constructive criticism. Finally, the author is deep¬ 
ly indebted to the National Science Foundation for making 
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CHAPTER I 
THE COMPLEX NUMBER SYSTEM 
The Origin of Complex Numbers 
Assuming that reader is already familiar with the real 
number system, a few historical notes must be recalled. Recall 




necessitated the introduction of the rational numbers. Simi- 
larly, equations such as x =3, which has no solution for x in 
the field of rational numbers led to the construction of the 
real numbers in which a solution does exit. But even the real 
number system is not enough to provide a complete theory of 
quadratic equations. A simple equation like x^=-5 has no so¬ 
lution in the real numbers because the square of any real 
number is never negative. 
Here again it is necessary to follow the familiar 
pattern of extending the number system by introducing numbers 
that will make the equation solvable. This shall be done by 
introducing a new symbol "i" and defining i^=-l. 
Definition 1.1. The complex number z is defined as 
z=x+iy where x and y are real. The x in z is called the real 
part of z while y is called the imaginary part of z. 
1 
2 
Operations With Complex Numbers 
Definition 1.2. The complex numbers C=zp, z2, z3,...,zn 
obey the following binary rules of operation for every x^, x^, 
x3,...,Xn and y^, y^, y^ ,..., yn in the real number system, 





Theorem 1.1. The set of complex numbers C forms a 
field having as its elements the ordered pairs (x,y) of real 
numbers. 
Proof: 
1. The set C has two binary operations defined on it by Def. 1.2 
above. 
2. Commutativity of (+) 
(x1+iy1)+(x2+iy2)=(x1+x2 ) +i(y^+y2) 
=(x2+x1)+i(y2+y1) 
=( x2+iy 2 ) + ( xj+iy^^ ) 
3. Associativity of (+) 
( x1+iy1 ) +/T ( x2+iy2 ) + ( x^+ iy3l7= ( x^^ ) 








=/”(x1+x2) +x3_7+i/Ty]L+y2) +y3_7 
=Z“(x^+iy ) + (x2+iy2)_7+ (+iy^) 
v 1 
4. Additive identity - (0,0) 
. ( x-^iy ) + ( 0+iQ ) *=( x 40 ) +i ( y-j^-K) ) = ( x1+iy1 ) 
3 
5. Additive inverse 
• • 
. (x+iy) + /T(x+iyj.7= (x+iy) + (-x-iy) 
= (x-x) + (iy-iy) 
= (O+iO) t . -(x+iy) is the (+) inverse. 
6. Distributive over (•) 
( x1+±y1 ) /Tx2+iy2 ) ( x3 +iy^ 7= ( x^iy-L ) U^2
X3 ^2^3 >+i t ^3 +x^2^ 






7. Distributive over (+) 
( x-L+iy-L ) /Tx2+iy2 ) + ( x3 +iy317= ( 












=( xj^+iy-L ) ( x2+iy2 ) + ( 
x
1+iy1 ) 
8. Multiplicative identity 
. (x+iy)(1+iO)=(x*l-y»0)+i(x*0+y»l)=(x+±y), the multipli¬ 
cative identity is (1+iQ) 
9. Multiplicative inverse 
Let (a+ib) equal the multiplicative inverse. Then 
(x+iy)(a+ib)=(l+iO) 
(xa-yb)+i(xb+ya)=(1+iO) 
xa - yb = 1 




+ y2) X 










b = - “2“~—T 
x + y 
Hence, (a + ib) = (x + ±yT^=(—g—-—n~ 
\x + y x~ + y* 
10. Commutativity of (•) 
Up + iyi) (x2 
+ iy2^ = ^xlx2 “ yly2^ + + x2yl^ 
= (x2
xi - y2y1) + i(y2x1 + ypX2) 
= (x2 
+ iy2^ (xl + iyl^ 
Theorem 1.2. The complex number field C is not 
ordered. 
Proof : 
Assume C is ordered. Let two complex numbers and 
z2 equal 0 and i respectively. If i ^ 0, then i-^O or ip*0. 
If i<0, then T = -i>0. If i>0, then T = -i<0. iT is 
the product of a postive times a negative and should be neg- 
2 —2 




The Geometrical Interpretation of Complex Numbers 
The geometrical interpretation consists simply in repre¬ 
senting the complex number z=x+iy by a point in the plane whose 
rectangular coordinates are (x,y). The x-coordinate represents 
the real part of z while the y-coordinate represents the imagi¬ 
nary part of z. 
Definition 1.3*. The conjugate of z which is z=x-iy is 
represented in the number plane by the reflection of the point 
z using the x-axis as a mirror. The distance of the point z 
from the origin is denoted by jP . 
Hence, using the Pythagorean 
theorem +y^=(x+iy) (x-iy)=z"z 
Definition 1,4» The real 
number p is called the 
modulus of z, and is written 
^ = 14 




the point z^+z^ is represented in the plane by the fourth 
vertex of a parallelogram whose other three vertices are the 
points 0, z-p Z£. Here z-^ and 
Z2 may also be thought of as 
vectors and may be added accord¬ 
ing to the usual rule for adding 
vectors. 
Similarly, subtraction 
can be illustrated by allowing 
6 
the vectors to issue from a 
common point where the difference 
Z2~Z2_ rePresented by the vector 
extending from the tip of z1 to 
the tip of z2» If points are used 
to represent z^ and z2 then Zg-z^ 
is represented by the vector ex¬ 
tending from the subtrahend to 
the minuend. 
The Polar Form of Complex Numbers 
For illustrations of 
multiplication and division, the 
polar coordinates r and 0 shall 
be used. In Fig. 1.4>r is the 
length of oz and 0 is an angle 
which rotates ox into oz. The 
angle 9 is considered positive 
when the rotation is counter¬ 
clockwise. The following re- 
x=r cos 0 
r= ’=Vx^+y2~ = |z| 
y=r sin 0 
.-1 V 0=tan‘ 
The complex number z can now be written in the polar form 
z = x+iy = r cos 0 + r sin 0 = r(cos 0 + i sin 0) 
Definition 1.5. The angle 0 is called the argument of 
z and is written arg z 
7 
In polar form the product of two complex numbers 
becomes 
zlz2==rlr2^'os ^lCOE cos -6-psin %t-i cos ©2Sin 6j-sin ©qsin©7 
=r^r2Z~cos(©1+ ©2) + i sin (0^+ ©227 
Thus, one of the arguments of the product is the sum <(>0^+ 9^) 
of the arguments of the factors, 
arg [z1z2
J ar& 
To find the quotient of 
z-, r^(cos ©^ + i sin 0-j_) 
~Zo ~~ rjjl cos ©5 + is in 02) 
= r^(cos ©^ + i sin ©^}(cos 
r2(cos ©2 + i sin ©2)(cos 
ri _ 
— r^ L ®]_cos ®2 sin 6 
cos © sin Q9)SJ 
1 c 
rl - 
=  /cos(©^-©2) + i sin(9 
r2 
1 + arg z2 
z^ divided by z^} note that 
©2 - i sin ©2) 
©2 - i sin ©2) 
sin ©2+i(cos ©2sin -0q- 
- 02i
7 
Thus, when two complex numbers in polar form are divided, 
the modulus of the quotient is the quotient of the moduli 
and the angle of the quotient is the difference of the 
angles. 
CHAPTER II 
THE RIEMANN SPHERE 
The History of the Riemann Sphere 
The second axiom of Euclid states that a straight 
line extends indefinitely in both directions. This partic¬ 
ular axiom caught the attention of the German mathematician 
Georg Friedrich Bernhard Riemann (1Ô26-66), who like most of 
the mathematicians of his day was interested in applying 
mathematics to the physical world. 
He observed that experience did not suggest that a 
line was infinite, but rather that it had endlessness. He 
proposed that one can transverse the circle endlessly, yet 
its length was finite. Therefore, Riemann replaced Euclid's 
axiom by his own axiom which stated that a line is unbounded. 
Riemann also observed that experience did not support 
the existence of parallel lines. As an alternative, he suggest¬ 
ed that any two lines meet, that is to say, that there are no 
parallel lines. He also asserted that all straight lines have 
the same length, that all perpendiculars to a line meet in one 
point, and that the sum of the angles of a triangle is always 
greater than l£0°. 
These theorems are just a few of a large number of 
theorems that Riemann proposed. But, the thing of importance 
here is the model that Riemann used to illustrate his geometry. 
9 
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He used a sphere which has become known as the Riemann sphere. 
It is this sphere that we want to investigate extensively as 
Riemann used it in the introduction to the theory of functions 
of a complex variable by using stereographic projection. 
Stereographic Projection 
Thus far the complex numbers have only been considered 
in the plane of analytic geometry. Riemann showed that it is 
often useful to consider the complex plane as the stereographic 
projection of a sphere. To see this, consider a sphere of dia¬ 
meter one resting on an x-y plane at the origin. This point 
of contact at the origin 0, is called the south pole and the 
point diametrically opposite it is called the north pole N. 
Every point P on the x-y plane may be connected to N of the 
sphere by a line segment NP that intersects the sphere at the 
point P’. Assigned to point P’ 
is the number z=x+iy which cor¬ 
responds to the point P in the 
complex plane. The number zO 
corresponds to the south pole 
and since N is the only point 
on the sphere without a number, 
Fig. 2.1. the number <=0 is assigned to it. 
Properties of the Riemann Sphere 
Theorem 2.1. Under stereographic projection the 
circles of the sphere go into circles and straight lines of 
the plane and vice versa. 
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Proof: 
For the sphere the coordinate system , 'f shall be 
introduced where fé- and rj coincide with the x- and y-axes re¬ 
spectively. The positive f-axis will have the direction of the 
diameter ON where 0N=1. Hence, the equation of the sphere is 
. From Fig. 2.1., 
OP = = yx*~ + ’f1' and OQ ='$, The bight triangles yield the 
two proportions T: /*' = / : 1 and Pf\ (1 - !f ) = Z3 : 1. From 
these 
/°' = /0-S') 's ~ 
r = Z1 T _ /* 




With P and P’ having coordinates (x,y) and (|j , *|,!?) 
and using the similar triangles in Fig. 2.1, the following re- 
lations may be gotten: 
















II 2* 4-ft-1- =Ti^ 
(2.3) 
These are the formulas which allow transformations from co- 
12 
ordinates r| on the sphere to coordinates x,y on the 
plane. 
From (2.2) above, the formulas for transformations 
from the coordinates x,y to *} , T may be gotten. That is: 
?» x( 1 - J ) 




x + y 
 2 2" 1 + x^ + y 
Consider the general equation of a circle or straight 
line in the plane where /S , y, and 5" are real numbers. If 
the image points ( ?. q.y ) are substituted on the sphere then 
<X(x2 + y2) + /3 x + Yy + “f = 0 
Pfr^r)+ rfrh) + 0 
°<(--gfrj-^ + ^ -+tf|+SU-ï) =o 
oCf + /5JS + V>| +f(l -5) - 0 (2.5) 
Since this equation is linear all the image points lie on the 
same plane cutting the sphere and form a circle. 
Q.E.D 
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Theorem 2.2. The stereographic projection is an iso- 
gonal transformation. 
This theorem simply states that the tangents of two 
curves on the sphere which are stereographic images of two 
curves intersecting in the x-y plane will form the same angle 
(A at their point of intersection. Any two straight lines in 
the plane that pass through point P will map onto two circles 
on the sphere through the north pole (0,0,1) and the point 
(£, n ). The two lines may be written as: 
alx + a2^ + a3 = 0 
blx + b2y + b3 = 0 (2.6) 
and their stereographic images lie in the planes 
a^£ + a2 *1 + a^(l - Y) =0 
bl£ + b2*1+ b3(1 - T) = 0 (2.7) 
The tangents to the corresponding circles at the north pole 
are the intersections of the planes with the plane -J = 1. 
Their equations are 
al^l + a2 *12 = 0 
bl^ 1 + b2 *1 2 = 0 (2.Ô) 
al bl 
The slopes of the lines in (2.6) are - — and - — 
a2 b2 
a b^_ 
The slopes of the planes in (2.7) are - —1 and - — 
a2 b2 
Hence, it is obvious that the angle between the two planes in 
14 
(2.7) is the same as the angle between the two lines in (2.6). 
Q-E.D. 
CHAPTER III 
EXAMPLES AND APPLICATIONS 
Returning to the set of complex numbers, z=(x,y) = 
(x + iy) shall be associated with a point on the sphere 
( j'S ) called z’ by using the stereographic projection 
described above. By using stereographic projection all of the 
complex numbers in the plane can be put into 1-1 correspond¬ 
ence with all the points on the sphere except the north pole. 
In order to get a better picture of the mapping de¬ 
scribed above, some examples and applications shall be 
given,of particular cases. However, before such information 
can be given, some definitions of terms used in cartography 
must be given. 
Definition 3.1. Lines of latitude are a series of 
circles around the sphere parallel to each other. There are 
1$0° of latitude from pole to pole. 
Definition 3.2. The line of latitude dividing the 
sphere in half equidistant between the poles is called the 
equator. The equator is numbered 0° and the numbering ex¬ 
tends to 90° at each pole. 
Definition 3.3. The lines of longitudecalled meri*- 
dians, are lines running due north and south and meeting the 
lines of latitude at right angles. 
Definition 3.4. The lines of latitude and longitude 
15 
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form the spherical coordinate system. 
Definition 3.5. The prime meridian is designated 0° 
and is the meridian of the observatory at Greenwich near London, 
England. This meridian separates the lines of longitude into 
east or west. 
Definition 3.6. A great circle is any circle formed 
whenever a plane intersects the sphere in such a way that the 
sphere is divided into two equal hemispheres. Each meridian^ 
if joined with its opposite (e.g. 0° - 100°, 90°E - 90°W) 
forms a great circle. The equator is the only line of lati¬ 
tude that is a great circle. 
Consider the following examples. 
1. The unit circle maps into the equator of the sphere. 
Fig. 3.1. 
Consider the triangles NOP and NMP’ 
R 1 
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Similarly, any point or circle on the upper hemisphere 
will map outside the unit circle and any point or circle 
in the lower hemisphere will map inside the unit circle. 
2. The coordinates of the image points on the sphere 
may be found for any given points in the plane. Some 
points in the plane are: 
a. z = 1 + iO. If substitutions are made in 
(2.4) for •'I and the coordinated for the 
image point are (g, 0, g). 
b. z = 0 + i has the image point (0, 5, 2) 
on the sphere. 
c. z = -1 + iO corresponds to (-g, 0, g) on 
the sphere. 
d. z = 0 + i has the image (0, -g, g) on the 
sphere. 
3. From the preceeding example, the point z = (x,y) = 
( cos eC + i sinod) yields that point on the sphere with 
geographical longitude eK. . All of the points in 2 above 
lie on the equator and have the longitudes where 
a. z = 1 + iO forms an angle o( with the equa¬ 
tor whose tangent is 0. Hence o( = 0° 
b. z = 0 + i implies tan o( = ^and c^= 90° 
c. z = -1 + iO implies tan oL ~ 0 and oC ~ 100° 
d. z = 0 - i implies tan vL = -00 and oC= -90°. 
4. The rays issuing from 0 correspond to semimeridians 
while the vectorial angles of these rays correspond to 
the geographical longitude of the semimeridians. 
1$ 
a. The positive axis of the reals goes into 
the prime meridian. For z = x + iy where 
x > 0 and y = 0, £ = > 0 and 
H = l + ^cr+ui- • Hence, the tangent of the 
0 
angle formed by E(z) 0 is 0, and corres¬ 
ponds to a longitude of 0°. 
b. The negative axis of the reals goes into 
the semimeridian having longitude of 100°. 
For z = x + iy where x<0 and y =Q , 
and >| = 0. Hence the tangent of an angle 
formed by R(z) <0 corresponds to a longi¬ 
tude of 100°. 
c. Similarly, the positive and negative 
halves of the imaginary axis map into semi¬ 
meridians of + 90°. 
5. Circles passing through the north pole on the 
sphere correspond to straight lines in the x-y plane 
and all other circles on the sphere correspond to 
circles in the x-y plane. 
Consider the linear equation of the form 
A? + B»| +0(1 -'S ) = 0. It may be transformed into 
a linear equation in x and y such that 
= 0 
C(1 * - 
Ax + By + C( 1 + x2 + y2 - x2 - y2 ) =0 
Ax + By + C =0 
is a straight line. But, any linear equation not of 
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the form given above transforms into the equation of 
a circle in the x-y plane. For instance, consider the 
equation A^+B^ + C'5> + D=?0 
a(—v-^+ b(-—?—J)+ D=° 
' 1 +x +y/ \l+x + y' Vq+x^+y / 
Ax + By + C(x2 + y2) + D(l+x2+y2)= 0 
which is a circle. 
Probably the best known application of the sphere and 
stereographic projection is their use in cartography. Even 
though the sphere is a "natural” model of the earth on which 
to make a map, it has many disadvantages. Since it is a three 
dimensional round body less than half of it can be observdd 
at any time. It is also difficult to store, expensive to make 
and reproduce, and it is not easy to measure on its surface. 
Thus, it is natural that cartographers sought to project the 
surface of the sphere to a plane. 
One of the main projections used is stereographic pro¬ 
jection. This is understandable because it has the geometrical 
property that no other projections have. That is, all circles 
on the sphere are also circles when projected on the map. Its 
other outstanding feature is that the angles are preserved. 
Since these two properties have already been discussed 
above and many other properties connected with map making have 
already been used, the writer will not go into any details on 
cartography. 
The Riemann sphere is also used in crystallography to 
show the angular relationships between the normals of the faces 
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of & crystal. The crystal is assumed to be at the center of 
of the equatorial plane that 
may be passed through the center 
of the sphere. The position of 
a crystal face is represented 
by the intersection of its nor¬ 
mal line which originates at 
the center of the sphere with 
the sphere. 
In order to represent 
this point of intersection in 
two dimensional space, the point is then projected upon the 
equatorial plane E by joining it to one of the poles of the 
sphere. The projected point on E is the stereographic pro¬ 
jection of the crystal face. 
In order to project the point P on the equatorial 
plane, it is joined to the south pole S if it lies on the 
northern hemisphere and to the north pole if it lies on the 
southern hemisphere. It has been agreed to denote a point 
projected by the north pole by • and to denote a point pro¬ 
jected by the south pole by o. These projected points are 
called poled and are not to be confused with the north and 
south poles on the sphere. Those poles lying on the equator 
coincide with their stereographic projections. 
In Fig. 3.3, all the poles of an irregular dodeca¬ 
hedron are shown and are still three dimensional. Fig. 3.4 




Fig. 3.3. Fig.3.4. 
particular illustration, thèse north and south projections 
that happen to be superposed are represented as dots within 
circles (®). 
In order to make the diagrams as simple as possible 
only a sufficient number of faces are projected to indicate 
the symmetry.^ In Fig. 3.5 a crystal with many faces is repre¬ 
sented stereographically by one dot because all the faces are 
unalike. In general, the number of points on a stereographic 
projection is equal to the number of like faces as generated 
by the symmetry operators. 
CL 
Fig. 3.7. 
^If a body has all its characteristics arranged in pairs 
so that each member of a pair is located equidistant, and in op¬ 
posite directions from a plane, the plane has symmetry. 
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In Fig. 3.6. there are two faces of each kind, and, 
therefore two points on the projection. Hence, by using 
stereographic projection scientists are able to show all thirty 
two crystal classes of symmetry. 
Now that some examples and applications have been given, 
one can see that the entire complex plane may be mapped onto the 
sphere. It is usually agreed that the north pole shall repre¬ 
sent the point at infinity. Hence, the complex plane can be 
considered closed with the admittance of infinity and the 
mapping can be considered a one-to-one- mapping of the complex-- 
plane onto the Riemann sphere without any exceptions. 
Even though only two applications are given, other 
applications do exist. However, all of them are of a graphical 
nature and involve little mathematics. 
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